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ABSTRACT 


Two algorithms for finding the absolute m-center are 
developed, combining the ideas of Hakimi, Gillespie, and 
Rosenthal and Smith. The first algorithm developed is es- 
sentially a hand-computational method. It is based on 
partitioning the graph into m subgraphs centered on the 
elements cf the vertex m-center. The minimum distance tree 
Footed on each element of the vertex m-center is then 
normed and moditied to yield the central path and thus the 
absolute center of each subgraph. This algorithm will give 
mac absolute M-Cemteers Of a graph tf each of these m cen 
mal pats passesethroughn an element of the vertex m-—cen- 
wom, | ele Se CONd aleorithm 15 an 1terdtave searen etna | 
possible sets of m edges on which the absolute m-center may 
be located. It is less efficient than the algorithm of 
Rosenthal and Smith when m = 1, but appears to be more ef- 
ficient form > 1. It does eliminate the problems encoun- 
tered by tnhewkRosenenal-omith alcoritnam in handling penipmeral 


vertices. 
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I. INTRODUCTION 


The optimum location problem has been examined in many 
contexts by various authors dating back as early as the 
17th Century. (See Francis [2] for an extensive biblio- 
Sraphy on this subject.) It arises, tor eanelee in deter- 
Hininceene Dest location for one sor Mere conmulnitcatiom 
distribution service or emergency service facilities within 
aeevenmarea eompe servicea. Thew"eosts to be minimuzcd 
may be actual road construction costs as a function of dis- 
tance, travel time as a function of distance, the actual 
aiestance itself, ete: 

The location problem is modeled by a graph G(V,A): 
hMitere= veils the set of vertices which correspond Commies lo 
calities to be served, and A is the set of edges which cor- 
respond to the transportation or communication links 
interconnecting these locations. Fixed costs or distances 
are assigned to each edge of the graph. (See p. 27-30 of 
feu, (Of@ror basic graph theory.) 

(Miemimeceiter problemas ahtsen Fl UWOuGide het Cll t eomdltc7 
from efforts to apply graph theoretic techniques to the 
solution of optimum eaten problems. The first and by 
far the most cacy. Sol Vedue im lomeMc me IIbe x M- Celter 01 O- 
blem, applicable in cases where the facilities are constrained 
to be located at a vertex of the representative graph. This 
problem was defined and solved for m = 1 by Hakimi [4], and 


was extended to cases with m > 1 by Gillespie [3]. 








The research reported herein is directed toward the 
solution of the second form of the problem, the absolute 
m-center. tdhe absolute m-center is applicable whevesenc 
faCLIPeles) toebe locatem ate moms enna ined lie at 
some point of the graph G. The object then is to mini- 
mize the maximum distance from any locality to be served 
EeumtmeCmileCdregt Service faci lity, 

This Yewort is based on the previows works of@iakima 
[4,5] and Gillespie [3]; and, although conceived indepen- 
dently, it parallels some of the work of Rosenthal and 
Stith [7]. 

Section II introduces the appropriate graph-theoretic 
Senecepts and summarizes the solution techniques developed 
Byenakima, Gillespre, and Rosenthal and Smith. Seceronm 11! 
presents the discussion and formulation of a heuristic 
algorithm for finding the absolute center of a graph, and 
formulates but does not apply its extension to the absolute 
iMecmren Proolei me Scetaon WV u1S Gevotecautemtne cdeveloumen: 
Of a second, more analytical algorithm for the solution of 
the absolute center problem and its extension to the abso- 
mmee ti-Center. A brief ax anedor FES application 1s given 
in an absolute 2-center problem. Section V summarizes the 


report and suggests some areas for further consideration. 








II. PAST WORK 


Bey THE VERTEX AND ABSOLUTE CENTERS OF A GRAPH 

Consider a connected graph G(V,A) consisting of n ver- 
tices (nodes) and M < n = 1 undirected edges (ares). This 
graph may be a model of a communication or transportation 
system in which traffic is allowed to flow simultaneously 
in either direction along each edge, or branch of the sys- 
eem. Let 1{1,}) be the distance along the single edge (1,7) 
connecting adjacent vertices i and j, and let d(i,}) be the 
minimum distance on G between any two vertices i and j. 
eimalarly, d({x,y) 1s the length of the shortest path on 6 
between any two points x and y on G. It will also be use- 
Miilewto extend this motion to include several intermediate 
meomerces; L.e.; d(ij),k,u,v) = d(1,j3) + dG ik) + -d({k,;0) 
+ d(u,v). Some intermediate vertices may be omitted where 
the omission will not cause confusion. 


The n x n matrix D = (4a || is defined as: 


(v;.V.J3 1, j = 1, -:- sm, j 7 1; 


“i ok. 
d(v;,v;) =f0 . ee = jess less 3 “gill 


Define the radius associated with a vertex keV to be 


r(k) = max d(k,v) 
veV 


The vertex center is then defined to be that vertex in G with 


Minimum radius. This radius will be called the vertex-center 








radius of G, and is obtained from 


min Max min 


Te = acjen  lsisn SOV) = vey T™) (2) 


Similarly, the absolute center of G is defined as that point 
x on G such that 


min max d(v. ,x) = max d(v; ,x*) = 1 
x on G_ l<i<n l<is<n 


1. The Hakimi Algorithm 
In a first approach toward finding the absolute 
center of G, Hakimi [4] used equation (3) as the rationale 
mone solving M simpler min-max" problems. The result 1s es- 
sentially a hand method requiring the plotting of M sets of 
linear distance functions, one set for each edge in A, to 


find M ‘local centers', X1, X2; The value of - 


»Xy4° 
on edge (p,q) is found by plotting the function 


(3a) 
d(v.,x) = min{[x + d(p,v,)]; [1(p.q) - x + d(q,v,)]}, 


fe- |, ... ,fl, and finding the max d(v;,X). That e 
1 
iol... .M. which minimizes (3) as ten chosen asmrnic 


absolute center, and its radius is the absolute radius. 
This method is very tedious and time consuming for 
graphs containing a large number of vertices. 
Bo Une Rosemmeebechnal iol I emoyesliehooi 
Rosenthal and Smith [6] took a very different, 
analytical approach. They began by presenting the follow- 
ing theorem, the proof of which is elementary and is omitted 


nere . 








Theorem 1: The absolute center of graph G lies on the mid- 
point of some path which connects two vertices (not neces- 
Sati Veda yacenL) ie Ge | 

They detine thes" central path! sotuG stoeme sence 


path (V2 Vy V2) which satisfies 


AV 9% V2) = min | max Mig Msp | (4) 
J 1, 
fou i1,ayk = 1, ... sms i # k; where teand k indexthe veclumns 


and j} the rows of the distance matrix D. 

Mie cbhbyect aseto Lindeenewloncestupatierhrouch 
each vertex of G, and then to find the vertex having the 
shortest such path. These paths must be non-recursive; 
mmjet 1S, in traveling from vertex 1 through j to k,; each 
Bage in the patho 1s trawersed) only wonce: 

The peecedure 15s as fLoliows.) For every 1 on en 
D (fixed value of j) find the two largest numbers (greatest 
distances) and sum them. Call this sum SOUR ope « Now 
find the minimum of all BO eg a as j goes from one to 
n. It is then necessary to check that the route found from 
1 through j to k is a path for which each edge is traversed 
Siay once (1s non-recursive). If the path found has “back- 
paths' (is recursive), the second longest route involving j 
Mee tound and the path checking 1s repeated. This process is 
€ontinued until the longest non-recursive path through ver- 
tex j has been found. If this requirement to check each 
path for backpaths could be eliminated, the Rosenthal-Smith 


oecohithm would be™much= more efficient 








The authors conclude their algorithmewicneene 
following theorem which describes the final step of the 


algorithm. 


TORO The absolute center xX- 5on ecrapneG 1s slgemeed 
at the midpoint of the central path of G. 

Proof: Let the midpoint of the central patneon 
G be the point X9. To show that Xo is the absolute center 
of G one need only show that the midpoint of any other path 
foeG will yield a larger radius; because by Theorem 1 the 
absolute center lies at the midpoint of some path in G. 

The following example, originally from Hakimi 
[4] and also used by Rosenthal and Smith, will illustrate 
moe latter's algorithm for the absolute center of G. 


Consider the graph in Figure 1 with the distance 


matrix 
CS 
0 10 24 #20 354 58 54 
10 09) Laie 24 38 36 
Do = ee 4 We 10 38 36 
AO Tiezee Zz 0 20 40 40 
yA! a 00 yA 0 0 58 54 
eest, compute max d(v.,Vasve js 17,k = 1)... ,n; 1 # k; for 
i,k 1° 37k 
each row (vertex). This is done by adding the two ae ay 
elements in each row: For row 1 this gives 24 + 34 =(48)/and 
corresponds to the path (v3,vV1,Vs). These sums are listed 


in the column headed T+, shown as the first column to the 
menc OL the ) matrix. Notice an Figure I that the route 
(V3,V1,Vs) iS not a non-recursive path, as the paths (v3,V}.) 


and (vi1,Vs5) have the edges (3,2) and (2,1) in common. The 


10 








next longest route involving vi iS (V4,vVi,Vs5) with length 

54 and it 1S a non-recursive path; list the value 54 97 

the column headed T. The values in the T column correspond 
to the longest non-recursive path for each j. Et siksmmee 
dent from a comparison between elements of columns T+ and 
methat the only non-recuxsive path found am the fivseestep 
Mie column) 1S "(Vva.ve .vs ) - “Now find the minimum Siiieyaeee 
the T column. There are two rows (vertices 2 and 3) with 
the minimum value, 36; these correspond to the paths (4,2,5) 
ama (4,351) with midpoints x and y in Figure 1, respectively. 


Both have the same absolute radius; = r(x) = r(y) = 18. 





Pilcurems:) i xanp lest 


Be THE VERTEX M-CENTERS AND ABSOLUTE M-CENTERS OF A GRAPH 
ee ae Vcc Colmes: 

Gillespie [3] extended the concept of the vertex 
center of graph G(V,A) to vertex multi-centers in the fol- 
lowing manner. A set of m vertices V_.* ¢ V is called a 
vertex m-center of G if, for every other set of m vertices 
pa Y > 


del 








WAX GV eV With Xoae (eV, Viet) = Sc (5S) 
veV = veV a t 


where le is defined as the radius associated with the ver- 
tex m-center. 


Suppose a graph has the following distance matrix, 


O° 2 SS ee 4 
ZO” Ao) 5 6 
D = 5. Ome One et 
ae es eee | se ey 
5 Se eee eZ 
| Ae 6 4 eye 0 | 
mice there are six vertices there are (8) = 15 sets of two 


ZmwoerTces tO ope EXamined in finding the vertex Z2-center: in 

n 
Memetal there ares) sets.of m vertices to be examimecda fo: 
ie m-Center problem. 


First, determine the minimum distance from each 


pair of vertices to every other vertex. Thus, for V2 = {1,2} 
eS V5) = MD Gos 5) = se. 
d(4,V2) = min (Sa) = 3 ; 
d(S,Vooe = minti@s.5) = 5 , 
d(6,V2) = min (4,6) = 4 ; 


and so on for each possible V2. 

Second, find the radius associated with each V2 
where, as above, the radius is defined as the maximum of the 
set of minimum distances; i.e., the minimum distance to the 
farthest vertex from each V>. | 


Bor Vo = 1 bag. them radiuce Glee) 1S 


rate, Z ) max diQv, V2 j@emmax (3ege5,4) = § 


We 


12 








Third, seléct the set of two verticescwna vane 


minimum radius; 1.e., 


fo > (V2 7) eo eevee (6) 


2 
and specify that V which produces this minimum as V *. 
For the above example it may be readily verified that 
ioe 62S, With V,* = {1,5}. 
In the general m-center case equation (6) becomes 


LS min max d(v,V_) : (7) 
Vee veV 


zZ. the Absolute M-Center 
The absolute m-center of G is defined as that set 
of m points ae On = Gusueh that for teveny soothers tlelmac jaan 
m points on Ge 


Cam = max d(v,X_*) < max d(v,X_) : (8) 
veV veV 


where ‘am is the absolute m-radius of G. 
dee e Glebe s pike Anse ie tte hin 

Gillespie [3] developed an algorithm for the 
best 2-center based on the vertex 2-center and Hakimi's 
misouithm tor the absolute center of a graph. He partitions 
G into- two subgraphs centered on the vertex 2-center, and 
By plotting the radius of a pair Of points consisting of 
one member of the vertex 2-center and a moving point on an 
edge incident to the other member, points constituting the 


most centrally located 2-center are found. 


13 








Gillespie did not attempt to extend his solu- 
tion technique to cases with m > 2, but did discuss the 
existence of the vertex and absolute m-centers and devel- 
oped the following two theorems (Theorems 1 and 22> Ref aaa 

Theorem 3: Any aap contcuin inca pelle ats ae 
vertices has a vertex m-center. 

Proof: This theorem is true from 
the definition of the vertex m-center. Since, for any 
graph with m vertices there will be at least one set Vi 
maere must exist a set Nes the vertex m-center. 

Theorem 4: Any graph having at least m ver- 
tices has an absolute m-center. 

Proof: Theorem 4 follows directly 
mom Theorem 3. Since V, always exists and Vac X_» then 
a must also exist. 

b. The Rosenthal-Smith Algorithm 

Inetherextension Gi their alsoorithm for the ab- 
solute center of G to the absolute m-center, Rosenthal and 
Smith [7] partition G into m subgraphs G. andy ap aly tire a, 
algorithm for the absolute center to each of these subgraphs. 
Poel cerative procedure is then used to compare the distance 
HimomcroOm Cach vertex v., }] = lous -e,m. co thegabsolutesgeen. 

J 
ice ig Xx. of each G., shifting vertices to different subgraphs 
miemecehtdin Criterld are met, and recomputing the absolute 
center and radius of each affected subgraph. The algorithm 
terminates when no more vertices meet the criteria for be- 


ing shifted. 


14 








As the basis ton sthein method sot spartitrenunne 
G, these authors define the 'm-node divisional path p™ a 
where m is the number of absolute centers desired, "...as 
that path which connects m nodes (m <n) such that the dis- 
tance of the minimum branch connecting any two nodes in 
Haas path 1s greater than the minimum distance of stie brane 
connecting any two nodes of any other path of G which con- 
nects m nodes."' It should be observed that, as defined, 
mame m-vertex (mode) divisional path 15 actually a circuit 
when m > 2. 


Let en be any set of m vertices in V, then oe 


may be defined as that set vs yielding 


max min d(v,V_) ; (9) 
V_eV veV 
m m 

where d(v;,v.) = 0 is excluded from consideration. Since 


Eeeme vertex in the path can be represented by the two dis- 
manees corresponding to the two edges of the path which are 
incident with it, (9) may be expanded in the following form 


[or four vertices) ; 


oat min [d(v,,v.), d(v.,v,); ECs aes d(v, Vv) } 
VyeVv 


ines pEOeceau Cer tonmaainacdanic Pp” from the distance 
matrix is to find the m maximum Meg Seles (Upper str Lan- 
Peeoeporeilon of DD), which torm@aserreuc. Since all ver- 
tices of a cricuit are of degree two, no more than two entries 
may be taken from any row or column of D. The same problems 


arise here as in the procedure for finding the central path, 


15 








except here it must be verified that the route found is in- 
deed a Circuit (vice @ path) > with cach edge Eraverscamemm, 


once in completing themeurciuiiey 


16 








III. THE VERTEX-M-CENTER APPROAGH 10 THE ABSOLUTE Mace k 


In most of the simple examples included in previous 
works on the m-center problem, it appears that although 
they are seldom collocated.) tmewdhsolutewecelre re cmttcclemmns, 
ected Ol anecaceslihe tac: COmpenCmniCT (Coemec (ir: | mcm 
wmeapn. Gillespie |S] commented om this sandehis ver tedses 
momen nestricted tO fuying to find an absolute 2-center when 
Mmemoecurs Onan Gdge ancident to a vertex Z2-center. Mhe 
algorithm developed below uses this notion as the first 
‘ep in searching tor the absolute center, but goes beyond 
it and attempts to find the absolute center even when it is 


Moimeon al edee incident to the vertex center. 


A. DEFINITIONS AND CONVENTIONS 

The following definitions and conventions are used in 
the development of the vertex-m-center-approach algorithm: 
Consider a graph G(V,A) with vertex center c and minimum 
distance tree Tc rooted onc; i.e., the tree such that d(v,c) 
mominimized for all y € V. Similarly, Tv will denote the 
iminium distance tree rooted on any vertex v € V. 

Define 'cross-edge' to be any edge (1,j) in A but not 
Mmcemciich tiditett { i.) )e1s sadded (rommerea Clrcuit (1,C jj) 
ms) produced. 

Define ‘extreme vertex' to be any vertex of degree one 
in Tc. Let the extreme vertices be ordered by distance from 
¢ and by the characteristics of the path to c from the ex- 


muceme vertex and denoted p, q5 rf, ... or P3> 4; 


ihe bd 


Mg 








i=l, 2, ... , in accordance with the tollowine iconmven. 


d(p,c) > d(q,c) > d(r,c) >... > 0 


There are no edges in common between the paths (v,c), 


Pa Di Oy lege that 1s, 


I 
1 


(Drie) al Cas.) ena en Gare) 


mine) paths (vi,c), (v2,¢), (v3s,¢},..cemlave ateleasteone 


Pmoen in Common with the path (v,¢), v¥ = p; q;, ©, 2... 


(Exe) () (pare) () (p2ee) gee! # ® 3 


Gare) ty Cac) a Ca577c) coe # ® , 


and they are ordered by length 


V 
V 
© 


digas) a d(pis ©) ? Cie eee) 


d(q,c) a Cai ey z ade) ? see 3 


Figure 2 shows a minimum distance tree rooted on the 
vertex center of a graph. Vertex 4 is the vertex center 
with a radius Of Stem: 6d (4.10 ee) each e)- whe extreme 
Wertices are 1, 2, 3, 5, 8; 9, and 10; with corresponding 
distances to the vertex center d(1,4) = 8, d(2,4) = 6, 
alee 4) = 7, d(5,4) = 7, d(8,4) = 6, d(9,4) = 6, and d(10,4) 


= 10. Since vertex 10 is the farthest from c (vertex 4), 


18 








aT ees ieGtinaee p; vertex 1 is second farthest from ¢ and 
is designated q, etc. Vertices 3 and 5 are equidistant 

from c, but the path from 3 to c has edge (4,7) in common 
with the path from vertex 10 (p), so vertex 3 1s designated 
Pi and vertex 5 becomes r by default. There is a three-way 
f1e £0r s between vertices 2, Seand 94m) cubic amercholes 
is made to assign s to vertex 2 and t to vertex 9, but then 
it 1S necessary to assign t, to vertex 8 because its path 

to c shares the edge (4,6) with the path from vertex 9 (t) 


moO Cc. 


e 
C3) 
q ©) By 


16 


Figure 2. Minimum Distance Tree Rooted on the Vertex Center 


Be AN UPPER BOUND ON THE ABSOLUTE RADIUS OF G 
| Clearly the absolute radius Tr. of G satisfies Ta: 2 ee 
for if x were a local center of G such that r(x) > r., then 
r(x) could be reduced by moving x to coincide with c, and x 
could not have been an absolute center of G. 
Consider the point X9 on the tree in Figure 3, where c 


is the vertex center and the extreme vertices are ordered in 


19 











accordance with the conventions outlined in the preceding 
section. Let Xo be the midpoint of the pach perc) emcee 
d(xo,p) = d(Xo,q) = r(xo) = Sld(pie) 4 edig ce) ieee tnee 
d(q,c) < d(p,c), this implies that we@qe. d(p,c) = To» 
with equality holding when d(q,c) = d(p,c). It can easily 
be shown that d(Xo,p) > d(xo,v) and d(xo,p) > d(xo0,v;), 
wee Fr, S, €, sesy 1 = 1, 2, «224 with equality homing 
only if d(v;5¢) =d(q,eG)hy since@diG@egep) sda a) py aaeti- 
imeeion. That 18, Xo 18 no farther from any other extreme 


a reexwethan Lf 2S irom @peand q, thewtwormmost extreme wer 


tices. 


G ©) ghee 


Pi ouGe 52 9 Gene rc ale Maes Dae see cht ec my latacc 


Now consider the point so. arlene. >, ands let dip yccnelees 
mec ',d) + d(a,pi). If it 1S assumed that xq' is an absolute 
center of G (with the vertex center still at c), then 


d(p,xXo') > d(q,X0') or 


dQ@p;Xo") = dc ord (a elec c,d) 
Therefore 
d(c,q) + d(c,a) “atpoae, 
20 








but this is the condition necessary for vertex a to be the 
vertex center, which contradicts the original hypothesis 
that c is) the vertexge@enter of G. Note@enaeeune Sakae 
analyses implicitly assume that the path (p,c,q) is the 
central path of G as defined by Rosenthal and Smith. 

Hence it is concluded that the absolute center of G 
Cannot occur on an edge in Tc which is not incident to the 
vertex center if that edge is an element of the central 
Mien. thas does not preclude its occurrence on an edge of 
an alternate tree in case of ties for vertex center, nor on 
a cross-edge excluded from Tc. 

Thus, the average of the two longest independent paths 
from the vertex center in Tc may be taken as an upper bound 


@ee the absolute radius of G: 


eS Hla.) = ICS Stes) (10) 


c.. MODIFYING Tc TO OBTAIN THE CENTRAL PATH 

icf thespacnaip, c.qieon 1c (as detinedmabove) we res Ene 
central path of G in all cases, the problem of locating the 
absolute center of G could be solved by merely applying equa- 
mom (10). Unfortunately this does not hold true in many 
Gases. If the central path passes through a vertex center 
of G (recall that the vertex center need not be unique) it 
is frequently possible to use Tc as a starting point in 
Searching for the central path. 

In general, when a cross-edge is added to Tc, alternate 


routes are formed between each pair of extremes vertices due 


Zi 








to the formation of a Circuit abo eitis eh Gan ceo ce. 
edge into Tc and removing an existing edge from Tc to break 
the circuit, a new tree Tc' is tommed el nethe longes Capac 
over Tc’ is shorter than the path ™{p,c.,q) over Tc then the 
Midpoint of the newly defined path supercedes xo, the mid- 
point of (p,c,q), as a candidate for the absolute center of 
G. 

Figure 4 shows a general vertex-center tree Tc with 
fmepresentative cross-edges (shown in broken lines) which 
may be considered as alternate routes for the central path. 
The point X» its the midpoint of the path (p,c,q) as pre- 
maeously defined. If the path (p,1,h,q) over cross-edge 
meen) is shorter than (p,c,q), then adding (i1,h)} to Te and 
meron cuther edge (1,¢)or (h,c) to eliminate Cie circuit 
Mic, n,1) may result in a reduction of the radius of G af 
mitemecnorter of the pair of paths, (p,1,h,c,r) and (q,h,1,¢c,r) 
Hs retained. The radius of G will be reduced if this shorter 
meen 2S also shorter than (p,c,q). For example, assume that 
fier ,a,c,r) is shorter than (q,h,i,c,r) and that fGp.2.00 > 
meee. c,r) > d(p,1.,hoq), and d(p,i;hyc,7r).> d(G,c,r). 
iimen t£ edge (1,h) is inserted into Tc and (1,¢) is removed, 
the path (p,i,h,c,r) becomes a new candidate for the central 
meth at Glug thea Tadluse ess Cthane ir xa) a 

Thus, if the cross-edge yielding the shortest candidate 
mere the central path is found and inserted into Te and the 
circuit is broken as outlined above, the absolute center will 
MmicmcexX Center O1 G, since the vercex center need nou be 


ae 








a 


unique, the minimum distance tree rooted on each of the 
alternate vertex centers must be inspected in turn. Re- 
Stricting the algorithm to thosiemeesccmnmcnc mtiomec thea 
path does pass through a vertex center allows one to Ife 


nore the path lengths to any extreme vertices of higher 


order (closer to the vertex center) than the third most 


distant extreme vertex, r. 


~~ 
= — 
= — 
= of —_ —_ — 
—_— eee eee 


= Figure 4: Some Sample Cross-Edges 


EOmIMeneace ies CcCnetbality sen the Gdaiscussaons  Concer- 
ing cross-edges shown in Figure 4, it is assumed that there 
May exist additional vertices on any branch of Tc (solid 
iiewe> 


line) in Figure 4 which are not shown in the figure. 


fore the distance between vertices which appear to be adjacent 
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in fc as shown in Figure 4°wiliibesne ten. deseml ned or nec 
notation rather than in edge-length notation; that is, the 
distance between vertices i and c will always be given as 
mia, c) rather than as 1(1,¢) "etewlipetceecan pc ameter. 
vening vertices on a cross-edge, so the length of each 
cross-edge will always be given in edge-length notation 


such as 1(1i,h). 


D. SROso EDGES JON THE, CEN RAR 

The following paragraphs will develop the maximum al- 
lowable length for a cross-edge which will yield a nedieesion 
meecne length of the central path if that cross-edge is in- 
mead Into Tc as outlined above. This is done tor each or 
the representative Gross-edges shown im Figure 4. The Xs, 
mor, ... ,o, Shown in Figure 4 represent the midpoint of 
meemectitral path candidate over the edge on which the re- 
Spective x. is located, where the candidate path is found 
femmes cussed in Section I11.C above. Thus the point x, rep- 
resents the midpoint OLgtne parc (Dy iei yc, Fy Under) Le meon. 
ditions of the example discussed above. Later examples will 
show that this midpoint need not fall on the cross-edge un- 
der consideration. | 

First, consider the edge (k,h) with associated midpoint 
fami) Figure 4. If (k,h) is inserted into Te and (c,k) is 
maeved, the original central path candidate (p,c,q) with 
midpoint X9 is not affected; thus no reduction in the radius 
or G is possible. If (c,h) is removed instead of (c,k), 


then d(c,k) + 1(k,h) must be shorter than d(c,h) or the path 
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(p,c,k,h,q) will not be shottepechanmeic Somnuoin oan 
(p,c,q). But 1f d(c,k) + Died eerie oOr mean 
path in Te from the vertex Cemmenmnc seomic mrc ee woulicesitcnae 
been (c,k,h) vice (c,h) by definition of a minimum distance 
tree rooted on c. This same result may be extended to edge 
(r1;91) in Figure 4. Therefore it is concluded that no 
Smoss-cdges between thewpatiseic ,qjmand (cm) onmGemaer 
mere d(c,v) < d(c,q) and v is an “extreme vertex, need be 
considered. 

Now consider the eross-edee (1,8) 1n Freure 4. When 
ieee) is inserted into Tc and the resulting cire@uit (1,¢,h,1) 
memccnoved by breakime cCititer Ofe=the paths (1,6) ore (e,n), 
the new path between extreme vertices p and q is (p,i,h,q). 
The length of this path must not be greater than the original 
bem between p and.q, (p,c,q), or the radius of G will be in- 
mmeased; and it must be less than (p,c,q) to reduce the 
radius of G. In addition, the longer of the two paths 
wee ,cyr) and (qj,h,1,¢c,r) can be removed by breaking ether 
epi or (c,1) respectively. Therefore the shorter of these 
two paths will remain and must also be shorter than (p,c,q) 
Gomallow a reduction in the radius of G. These conditions 


gee equivalent to 


LY Gat clo Se lat re loi) eee Coll (TLE ca) ac etches Jo} (Er) 

and 
dip.) Gi iniet dhe ce, 1) Cie2)) 
min <d'(p, cree 


d(q,h) + I(vjh) + d(i,c,r) 


ZS 





Inequality (12) may be rewritten in the same form as (1l), 


GiGi) et Schr. = aid CGrnte) 
liGiayh) < max .(12a) 

dihy.G)ee+ od 7; ple diGeear ) 
Therefore, if 1(i,h) satisfies inequalities (11) and (12), 
cross-edge (i,h) may be inserted into Tc, the resulting 
Sircult removed byebreaking them@ilemeer ofsehe two patiis 
fe,1,h,c,r) and (q@5h,1,c,r) between c and 1 or h, "anda new 
candidate for the central path will be obtained. If strict 
inequality holds in both (11) and (12), this will yield a 
Heweradius of G which is strictly less than r(Xo). 

Next, consider the cross-edge Cin sin EP ireures 4 Gi 
mefers irom (i,h) in that the secondary extreme vertex ip, 
is connected to the path (p,c) at a point (vertex e) which 
mmTlOSerT tLOutneNVvertex cCencer than 1s VeErtexs |). lees 
miteretore possible for the path (p:i,e,j);,;h,c,r) to be longer 
Mmraehne path (p,j,h,c,r), and inequality (12) must be modi- 
fred to hold for the longer of these two paths. When this 
is done, (12) becomes 

: poe, + d(h,q) - ene 
1(i,h) < max -max [d(pi,e,j); d(p,j)] (12b) 
shore) eetslile ey cali sie) 


inequality (11) remains inthe same form, with 7 sub- 


stituted for i; 
Gees) ee aainic)  SeciCco i) (lla) 


ine roles Of peand p,| Mayeapemintcenechianged In this caccy 


and similar branching may occur in paths associated with 
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with vertex f such as over cross-edges (1,f) or (j,£) (not 
Shown in Figure 4). These situations and role interchanges 
between q and q,; would still be handled in a similar manner 
but modifying (11) and (12) as was done in (lla) and (12b). 
The same procedures also apply for the cross-edge (j,k) 
in Figure 4. In this case the roles of q and r are inter- 
enanced in (lZa), and (11) is medmived aiso. 
To consider the cross-edges {p,q) and (p,r) in Fig- 
ure 4, the simplified graph in Figure 5 will be useful. 
For cross-edge (p,q), in the absence of secondary extreme 
Mettrces as shown in Figure 5, the appropriate form of the 


maene Length criterion (12) becomes 


<P 5 )) tae ees 


if 2 Gee aq) ae de) acter 
(a) min 
(pp; Dee d( pe) * d(e,r) 


pace the appropriate form of (11) is 


coy ol Goch uci (pe) eterd cq) 


Puce) 1S less restrictive than (a), and so can be discarded, 


Biem inequality (a) may be re-written in the form 


{ d(p,c) 
(ai) t(q;p) + d(c,7) < max ; 
d(q,c) 
Bieeby definition, d{p,c) > d{q,c); therefore (a1) becomes 


1 Gore), < Bi Gos) 7 dite ° CiZe) 


Om minc  GHOs Ss CClle ( 1)) ReneS NaDGeciiee sol se CoOladciny 
extreme vertices as in Figure 5, the appropriate form of path 


fom“en Criterion (l2) 1s 


aa 








(b) l(p,r) + °c mec ces cy) 
min < d(c,p) + d(c,q) 


1(p,r) + d(c,p) + d(c,q) 
and since d(c,p) - d(c,1) SdiGegiey meee ch) bene c Meee 


this reduces to 


l(p,r) < d(c,p) - d(c,r) . (12d) 


Notice that the right sides of (12c) and (12d) are identical 
This is due to the simple role interchange of q and r in the 
left side of (a) to arrive at (b), and illustrates the ease 
with which the situations discussed on the preceding page 
may be handled. Once again the proper form of (11) is less 
restrictive than (b) and may be ignored, but in this case 
lzd) is the appropriate form of (11). When secondary ver- 
tices are involved, the appropriate form of (12) is not so 


Simple as (12c) and (12d), as is shown below. 





Figure 5: sotmplit41 catvonmot Freire 4, 


Now GFetumm, to Paegpure 4 andwrecensider cross-cdges(erd) 


In the presence of secondary extreme vertices, the proper 
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form of distance Criterion). 


GS) 
d(p,,€,p) = PQp rales eciccrs) 


min sod (pega); 
d(q,,b,q) + 1(p,q) + d(p,c,r) 
Efad(p;,e5p) =y0mandsed (aqgu beqiie—mnmnC meGeduee seroma 7c) 
as would be expected. As in the previous case, (c) is more 
restrictive than the appropriate form of (11), and is 
equivalent to 
d (ewe = din, ©) 
1(p,q) < max - d(c,r) .  (12e) 
d(b,c) - d(qi,b) 
From (c) one may also deduce the further dual requirements 


eat 


ds) 2 Cleese) — - 
Ges 


d(q,c) 7 d(qi 1) 


Byetnite pchangimigetme roles ot plana py, eandee f 1a saticemcim 
Mmicdiality (cc) becomes applicable to a cross-edge between 
Pocendary vertices such as (pi,qi) in Pagure 4. In this 
wise the proper form of (11) is no longer less restrictive 
than the revised version of (c), and so must be considered 


again. Relation (11) now becomes 
(11b) 


aoe) S (etl Reyes sie rien N Tp se [tele ey eh lat) ic 
Wirke the correct form of (c) is 


[aGesc) -= dlesprald(b,a) - “dtb5a,) | Gilzse) 
1(p1,41) < max ee 


fees € ) 7 qd (Dc a lamlcuee 1p) i. di(e;pioa 


aS, 








Throughout the preceding discussion, one important fac- 
tor has been ignored, primarily because it is impossible to 
quantify in a general sense. When a cross-edge has been ad- 
ded to Tc and an edge of Tc is removed to break the resul- 
tant circuit, additional extreme vertices which were not 
extreme in Tc may be generated in the modified tree. For 
mistance, if cross-edge (j,h) iam) Papure 4 has becnstound to 
matasfy (llajmand@(12b) and is added) te the tree inprigure 4, 
when the circuit (j,e¢,g,1,c,h,j}} is broken by removing (g,i)} 
(assuming path (g,i)}) to now be a single edge), vertices g 
and i become newly defined extreme vertices. It is then pos- 
sole for the path (a4,c,h,j,p) or (g,e,},h,c,r) to be longer 
moan the initial controlling path, (p,c,q). This possubality 
must therefore be avoided in all instances. Example 4, 
eoecion [J1.F will illustrate a case in which it 15 not pos- 
Suere to modify Tc because of the occurrence of newly de- 
fined extreme vertices with associated path lengths greater 


miam the length of (p,c,q) . 


BE . THE ALGORITHM 

The discussion of the preceding sections may be sunm- 
marized in step-wise manner as follows: 

ie ~Fand the vertex center of the graph. See Rets. 
feand [4] or Section II above. 

7 ee LOMuecheatinindl stsmameostree Neerooted) On mpc 
Vertex center c using the Dijkstra Algorithm or a similar 


method (see Dreyfus [1]). 
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S. Order the extreme vertices as outlined in Section 
1 0 Kae 2 

4. Find the midpoint x, of the longest path (p,c,q) 
contents Ivar 

S. Check all cross-edpeswimemeyverter1eces in Jeno sparen 
from p to c with the applicable form of inequalities (11) 
ama ( 12) 

6. Choose the cross-edge which yields the shortest 
Semceral path. 

7. Insert that cross-edge into Te and break the re- 
sulting circuit so that the longest non-recursive path be- 
tween a pair of extreme vertices is removed. Break the 
Errecuit SC aS tO Minimize the length of the longest sien 
pec irom a newly defined extreme vertex. 

8. If the longest path from a newly defined extreme 
femeck 1S longer than path (p;,e,q),. drop this cross -cdge 
mem Consideration, return to step 6G to find the cross-edge 
fellding the next Shortest central path candidate. 

J lt the “Vompese pacn LEO aenewlysder ted se enenc 
meee s 15 Shorter than (p,¢€,q) but longer than the longest 
path defined by the applicable forms of (11) and (12), re- 
main the result but return to 6 to find the cross-edge 
yielding the nexeslonge neecentralepaciwecandidate. 

10. Find the midpoint of the shortést central path 
candidate (longest remaining path between any pair of ex- 
Puce vertices including newly detined extreme vertices) 


fromeall iterations ©f steps 6 through 9. 
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ll. Repeat steps 2 throwghy10 for veacheal tematic 
Nicene Cisiscne: 
12. Choose the local center from step 10 having the 


minimum radius as absolute center of the graph. 


F. EXAMPLES 

The following two examples will allustrate the applica- 
mon Of Che Vevetex-cCenter-appmeacimalror mtnm. Er iainoeems 
melustrates a case in which the central path 1s teend te 
BOltainm a Gross=cdee, while Example 4 illustrates how newly- 
Pomoc cXCrelemier tL leesse ale mime wen mel is 

Figure 6, Example 3, shows a graph with the cages ingie 
in solid lines and the cross-edge as a broken line. The ex- 
Maeme  VeTrtices and vertex Gentenhedhke Aappropriatciemangeour, 
The distances between all pairs of extreme vertices, in- 


Gluding non-recursive paths over cross-edge (4,5), are 


aiGoc , a) = FGGS 54 ole) a, 
d (peer Gu) = Gdn S 5 4 lea) = Za ., 
Gitaines i) =Fa(G.5 bn 2) = 23 , 
a(pe45554) = God sO) = 18a. 
ioe os © nd 0 = dS) eli 2) = 
GCGES 4 ear oe= (0). Sear 2) = ee 





Figure 6: Example 3 
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It is clear from this 11st Opspaelieie neti - Gin Ge lowes 
nate paths are shorter than (pe .q) ote c se cilo vine wermmamed 
edge (1,4) or (1,5) breaks (@o merci? tts ignored and only 
paths (p,4,5,c,r) and (aq,5,4,¢.rieneed be considered. vas 
outlined in Section III.D, since these are the two next 
longest paiths. .The longer @i@these twomiiscethe patine@a. >. 4 cam) 
with a path length of 34, and it can be broken by removing 
eee (154) in the circuit (1 eon jee hus. Genova merece ace 
med) climinates both paths (omesq) gamd (4,544 7c) 1) gana 
leaves path (p,4,5,c,r) as the longest path over the modified 
Gree, with a length of 33. The midpoint of this path is the 
point xX, with a radius r(x,) = 33/2 = 164%. The reader may 
meadily verify that x, is the absolute center of the graph 
Maer igure © by applying the Rosenthal-Smith algorithm. 

The use of relations (11) and (22) were cn@tcedvapove 
for illustrative purposes. They would normally be applied 


Mmaestep 5S of the algorithm in the following manner: 


LGA eS bore srd (Ao) eae as (11) 
(12a) 
d(441) + d(S.4) --di@le2). = 14524 aoe 


1(4,5) < max = 12. 
GCS Jae tcl ay ali 74) eS: +44 = eae 


Since both relations hold for strict inequality, one knows 
that ashe Gloss sede 4.5) 5 LOmle, Wiliberesu®! pimasenc iG iri @ Hm 
Peecne radius of G providing no newly-defined extreme vertex 
Memeraces a path Longer than (p,¢,q). 

Had the length of (4,5) been 12 so that equality held in 


(12a), path (p,4,5,c,r) would have been 35 units long, the 


5D 








same as (p,c,q). In this case X,; would be an alternate ab- 

solute center, with the potnestneermc 11dpernesore pera 

being the other; and both would have a radius of 35/2 = 17%. 
If 1(4,5) is increased to greater than 12, both paths 

(p,4,5,¢c,r) and (q,5,;4,¢c,r) becomemlomcer. thanmapsenaie 

and no reduction in the radius of G is possible. The point 


Xo is the only absolute center in this case. 


WN 


Isat, fe lepeeyjelie aye 


Ponce) web xatlc me sa Ss saemnodah peat LOM 6 jaetemelicc om wi tel 
Memtices 7 through 12 added. The distance d(1,5) 1s in- 
mecasced to 14 units from 13 and, 1(4,5) is uncreased to I 
units. Relations (11) and (12a) are still the applicable 


forms of the distance criteria, but now they are 
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1(4,5) = 11 < dG (11) 


14+ 4-612 
max = 12. (12a) 
14 + deen — 17 


1(4,5) 


tA 


This indicates that adding cross-edge (4,5) to Tc and break- 
ing the circuit along either path (4,1) or (S$,1) wil reduce 
mie radius of G. Sinee d(qtse4.c.) 5 Bons .6 a8 = 35 and 
aim,c,qd) = 36, it would seem that either (451) or (5-)) 
could be broken and obtain equal reductions. 

Arbitrarily choose to break the circuit by removing an 
eage in the path (4,7,8,9,c). When each of these four edges 
mmremoved in turn, the following distances from newly de- 


fined extreme vertices are obtained: 


by removing (4,7), d(7,c,5,4,p) = 40 < d(p,c,q); 
OT Ss Ge oy soe 
. - Ces SOs dig, 04°) Ol i. : 
" - (Ober, A(T, Cy Se) eae ome i 


From these results it is seen that if either edge (4,7) or 
mee) 15 removed, the radius of G is increased. If (7,8) 

1s removed, then d(7,4,5,x1) = 17%, where x, is the midpoint 
mmsne Path (p,4,5,C,1r) with d(p,4.5,x1) = d(wjc,l2,x1) = V7 
pce the midpoint Xo of the path (p,c,q) is colocated with 
the vertex center and has radius r(x9) = Sg see xa may. De 
moved Ig mse Tay Salevere talalieee ie eng ovaries; Ties! eelelibls nysicenos 
greater than r(x,). However, moving xX; 4% unit toward vertex 
5 reduces d(7,4,5,x,) to only 19 units which is still greater 
than r(X9). Similar results occur when edge (8,9) is removed 
and when one attempts to break the circuit by removing an edge 
merce path (ce, 0,11 12,5). 
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Thus no reduction in the radius of the graph in Fig- 
ure 6 is possible due to the generation of newly-defined 
extreme vertices, and it is concluded that the point Xo 
is the absolute center of the graph with ee 18. 

In both of the above examples the vertex center of the 
example graphe=has been uniqueswssinem there aresaleceuniee 
werwex centers, the algorithm a@smernepeated for each yerutex 
center as given in step 11 of the algorithm, and the opti- 
mum result(s) is(are) chosen in step 12. 

The reader should bear in mind that this algorithm will 


mira tne ansOlute center Ofva graph only when the vertex 


a iecuelics@enmethemecntrale path ofuG. 


S. EXTENSION TO THE ABSOLUTE M-CENTER 
The algorithm may be extended to deal with the absolute 


m-center, m > 1, in the same manner used by Gillespie. 


1. Find the vertex m-center, ve = {c.}, = plc eee 

2. Form m minimum distance trees, Tc; rooted on Cc. 
Po... lM, by CORMECLIng each vertex in Vetoethe nearest 
oem it any vertex 1s equidistant between two or more vertex 


ik 
Semepers, place 1t in both (all) associated trees. 


S52 Apply the preceding algorithm fOUeENe abs Olbbe mceon 
ter to each of the trees Tc, , 1. = eee... ee Ou ne Eacon- 
Sider any cross-edges between vertices not in the same tree. 

4. If any vertex was found to be equidistant between 
momor More OL ene Mavertex Cemeens in Step 2, choose that 


affected tree having the smallest individual absolute radius 


36 








to retain the tying vertex, remove it from the other trees 
and repeat step 3 for those afrecreustrees. 

5. Choose the maximum of the set of m individual ab- 
solute radii as the absolute m-radius Tee for this partition 
of G. 

6. Repeat steps 1 througnmeorsat | satccrmiace mien x 
Mmecenters,. 

7. Choose that vertex m-center (partition of G) yield- 
ing the minimum absolute m-radius as the final solution. 

GrilesprersUsedvthe Werte 2 ecm ce neds tice Mast cu gon 
partitioning a graph in the first step of his algorithn, 
but avoided any consideration of its validity or uniqueness 
other than to examine alternate vertex 2-centers. The ex- 
Mension Of this methed to the use of the vertex m-centexs 
1s used here with the implicit understanding that, while the 
hmesult 1t yields may not be optimal, it at least gives a 
relatively easily determined upper bound for the problem 
when m is small. While no research has been done on the 
mipyect, 21t 215 believed that the results become Less reli- 
able as m increases. No examples will be given of the ap- 
Peveation of the above algorithm. 

Rosenthal and Smith [7] make no mention of alternate 
optima; and whereas their method of moving vertices into 
different subgraphs until no further reduction in radii is 
achieved apparently does find an optimum solution, it is 
not clear what is done when alternate optimum centers exist. 


Their method appears to minimize all individual radii to the 


ooh 








a 


greatest extent possible Tathe ween tasconecien aie Oo meseme 
maximum radius, which would satisfy the definition of the 


absolute m-radius given herein. 
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IV. THE ARC-CENTER APPROACH TO THE ABSOLUTE M-CENTER 


Recall that by Theorem 2 the absolute center of graph 
Gis located at the midpoimpyor thewecntiral) path ewiere scene 


central path has been defined as the path (VioV »V,) satis- 


vi 
fying 


d(v..v 


yy) = min max es) 


j 1,k J 

tire Rosenthal-Smith algorithm based on this definition proves 
to be an iterative process which seldom finds a non-recursive 
math in the first iteration. It was felt that one of the 
primary shortcomings of this method of attack is the lack of 
any definite relationship between the location of the absolute 
center and the middle vertex of the trio defining the central 
Pach. That is, the absolute center need not occur on an edge 
mieident to the middle vertex. There may in fact be several 
Choices for the middle vertex, all defining the same path. 

Since the absolute center of G is constrained to lie at 
some aeiime ClaGweala tlenreltOresmes meitne reat ailment ec mao 
point or end point (vertex) of some edge in G, it was decided 
that a procedure based on finding a central arc or arc-center 
wmecdge Containing an absolute center of G) might be more 
emii1cient. this led to the varc-center algorithm for the ab- 
Pelube Center of a graph, developed in the following para- 
Prapms. Since the absolute center meed not be unique, the 


mee -Celtereneced NOtebe unique. 
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A. FINDING THE ARC-CENTER 

Define the arc-center to be an edge in G containing an 
absolute center of G. It should be noted that, in the 
event an absolute center Ives Mataevyen fe cet cma llaesomes geen 
that event, there are two arc-centers (or equivalently, 
none) associated with that particular absolute center. 

Let the sedge (isgj) be thevarc-ceomtemeot Gland panei 
tion G into two subgraphs G.(V;,A,) and SI ee) SUG that 
pipe lements of V. are GLlOSCie COUMe@Ue x deed GOmmemicres 
and all elements of We are closer to vertex j than to ver- 
tex 1 as determined from the distance matrix D (See Fig- 
ure 8 }). There may be vertices which are equidistant between 
meand j and thus could be placed in either G. or oe This 
event will be referred to as a type A tie, and a method of 
dealing with it will be developed later; but for the time 
being, assume that no type A ties exist. 

Let the vertices in Vie be ordered according to distance 
from vertex k in a manner similar to that developed in Sec- 
tion III, and denote them Pre Pry oPeae ces > Ur Ar oe » 
Tyo eee etc. ‘Pome brevity Tet etheir correspomumna drs 
tances to vertex k be denoted d(p,>k) - dp, , d (pz >) 


dpy4> -..- . Then, associated with edge (i,j), 


dp. d(p.,i)= max min oy. tec) 
: = i VeEV 


= max d(v,i) ; 


veV. (14) 
dp. = d(p.,j)= max { min | d(v,i), d(v,j) 
J J j VeV 
= max d(v,j) 
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Ties between extreme vertices within G. and = Mave cee 
solved arbitrarily. 
Using this notation, a nearly equivalent definition 
of the central path is Ehatspaume: elie) which yields 
1(P#) = min [| dpeeerdeees Gaye (14a) 
(1,j)eA 7 J 
item absolute center x* occursmomeany cdge (17))) omen 
dp. Tell (Tue ea dp. + d(j>5x*) , Voreecquevalently. "aye 
- d(i,x*) = d(p, .1) - eee If the absolute values of 


mice latter cauation are taken, one obtains 


1(i,3) 2 [dp; - dps] = [d(p,,4) - d(p;,j)], (15) 
since | 

aM GD Meer lee) Gee) | 

On first consaderation 12 May appear thatert alien pes 

Sible partitions of G into two subgraphs (as described 
above) for each edge (1,j) in A were examined and 1(P) = 
[dp; oe ae Hobie) )iaiwas Computed forseagen pale Oneeeam 
edge which simultaneously satisfies (14a) and (15) would 
Meeessarily be found. The absolute center x* would then be 
the midpoint of the path P* = (R.455,5P3)> and it would be 


located on edge (i,j) a distance 

d(i,x*) = % [1(1,j) - dp, + ae (16) 
mom vertex 1. However, due to the existence of circuits in 
Ge it frequently happens that Ome or more vertices are placed 
in G. but would be closer to an absolute center if they had 


been placed in Se When this occurs, incorrect path lengths 


are defined. 
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For instance, in Example 6, Figure 10, the absolute 
center is colocated with vertex 1, and the shortest path 
from vertex 5 to the absolute center is along edge (1353) 
with a length of five units. But vertex 5 is only two units 
from vertex 4 along edge (4,5), so when set (1,4) is tabu- 
lated, vertex 5 is placed in V, instead of V, which makes 
5,1) = 7 in this partition. )Orthermoere.. since Verto. 
1s the primary vertex p, in V,, an incorrect central path 
candidate is defined: Path (5,4,1,3). Had vertex 5S been 
placed in V,, the central path candidate would have been 
miespath {5,1,4) which is the actual central path of the 
moans Notesthated(S ,4gde95) = 9 <ed(Sj144) = 10. 

It 25 genenally true that, it any vertex 1S anceorrectl, 
partitioned and would have been a primary (most extreme) ver- 
tex wnder correct partitioning, an incorrect central path 
candidate is defined which is shorter than the actual central 
path of the graph. A method of dealing with these cases of 
micorrect partitioning is developed below by using the ap- 
proach déveloped by Rosenthal and Smith in defining the cen- 


tral path. 


Figure 8: A Representative Partition of G. 
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Consider the representative partition of G into Mee Se a 
shown in Figure 8 and note tha@egimerewaneomelr cenposcmolc 
candidates for the central path shown in the figure. These 
sue Une jews DONT = Ed) Dig)» (p;.1,q4,), and (P;5J5.4;)- If 
the path Gq otbadl oP a is the actual central path of G, one 
Of two possiblé conditions will Gxase science the sabsommec 
Semper 1S Ohng(1,j))) (in which case (2s )ewill be satirsmiecagn,, 
(1,j)) or the absolute center is on another edge such as 
feet) or (j,d) (in which case (i193) Beanmot satisiy (laije 
Dimecilther= case, However, the macn By otal yikes must satisfy 
(i4a). In the latter case it is impossible to predict what 
conditions will arise when G is partitioned into {G, ,G.] 
and 1G, G4} Without Knowing wnat sunteweconme clive pauce name 
@estances are in G, but it is evident from Figure 8 that the 
eee G as it occurs in (6; 6.3 differs from the set G, that 
would occur in {G,,G,}. it will peGcome amearenre anelace., 
eeamples that this 1s generally true- 

Now assume that d(p;,1,4,) > 2g pt olds) in Figure 8. 


This is equivalent to 
d(q,+i) > d(p,,j) + 14,5) . (17) 


Himen this occurs, edge (1,j)) cannot satisty (15) because (17) 
must also hold if d(p; ,1) 1s substituted for d(q; ,1) abr (dee 
but this requires the midpoint of the path [Dg otal os) Co Lie 
emethe branch (p;,1), HOt On teed crt tee nee iI meme 4S — 

tances dp., oie pee and ae fOneaPpiveieanticion Of G are esuch 


1 
that (17) holds, this will be referred to as a 'B condition’. 
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Thus, when a B condition OCCurs feeme pac (p;.1,q,) is the 
longest non-recursive path througmevertc grad SOmpc 
comes a primary candidate for the central path of G as de- 
fined by Rosenthal and Smith [7]. Therefore, if Goa prada) 
is the shortest path found, it ws the cental path of G, and 
the absolute center of G is the midpoint of (p;.1,q;) with 


absolute radius 


r, = %(d(p,,i) + d(a,,i)] 

Vertex a in Figure 8 is intended to be equidistant be- 
tween vertices i and j; a type A tie. Under the condition 
of the figure this creates no problem, but had vertex a 
been either p; or Be the paths (a,i,j35P,) with a in G; and 
(p;.1,j,4) Welt ace saat G. (assuming a can be either Pp; or Dee 
would probably be of different lengths. Should this occur, 
both paths must be checked and the shorter chosen as the 
Semural path Candidate; since by definition, if the Central 
Brea is either of these paths, 1€ must be the shorter of the 
two. 

It 1S also possible that (1,j) does satisfy (15) when 
vertex a is in G., but does not when a is in Ba Or that a 
em@eeTs into a B condition as Pp; or q, when in G.; bue (ls) 
is satisfied when a is in G., etc. The algorithm checks 
all possible combinations of type A ties and B conditions, 
and selects the shortest central path candidate as the cen- 


Beat path of G. 
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Bi, THE ALGORITHM 

Using the results of the preceding discussion, the arc- 
center algorithm forythe absol@Gencentcmsot sca bc fon 
lated as follows. 

1. Find the minimum of@digeeand ate tor ae 
pairs of adjacent vertices by working from the distance 
matrix D using the same technique as for the vertex 2-cen- 
Ger. ihis gives M different partitions {G,,6,4 of G. When 
doing hand calculations, the results are best tabulated in 
an (n+5) x (M+l1) tableau as follows (see later examples, 
also). 

a. slest™all edges (pairs of adjacent vertices) sem 
G in row 1, columns 2 through (Mtl); 1.e., across the top of 
the tableau. 

by Lausteallvvertices in Germ column rose 
eamouch (n+l). 

c. Place the following labels in column 1 rows 
(n+2) through (n+5) respectively: MWD sg oD Gn Ber 
eee )', "Bt, 

dkms row (nas) et abe ledas TQ) awit Geminc me nema ti 
of each edge in the column headed by the pair of adjacent 
vertices defining that edge. 

e. Divide the column wnder wach pair of vertices 
Mee two sub-columns in rows 2 throweh (ntl). Apply the 
Memuox 2-center aleeorithm to G forvedelaepair ot vertices ian 
mou). Enter the manimum value of [dfv,1}, d(v,1)] for each 
vertex v in the row labeled with that vertex and the sub- 


column headed by the vertex i or j for which the minimum occurs 
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(the cell of the tableau corresponding to v and i or j, 
whichever minimizes [d(v,i), d(v,j)]). If d(v,i) = d(v,j), 
enter this value in both subcolumn i and subcolumn j and 
mark this as defining. a type A tie by placing 'A' in a con- 
venient location, such as between the two entries. 

f. When completed with step ©, examine the mini- 
mum distance entries in each set (column) and, if the maxi- 
mum entry in one subcolumn is less than or equal to the second 
Game nigher ordered (lesser valvedj@inaximum entry an tie otncer 
subcolumn of the set, mark the set as having a possible B 
fondition by placing *b' in a convenient location, such as 
beside the smallest entry which is greater than or equal to 
the maximum entry in the other subcolumn. 

Z senor ach pameleLonmeset Or column): Di indeee messi cde 
d(v,i) = dp. and the max d(v,j) = ee bee 
ee 

a. If a set has been marked as having a type A tie 
mucucie tied yalue vs cither dp. On MPa: gee co Sere yom 
value from cs bore, se rietdl Velev: sels bl 2s pier Weber; font dp, and aD): 
mem move the tying value from G. [xo oe and recompute dp, 
and dp, . This defines two different sets Ws (Ga wherein 
the vertex having the tied value is in G. for one set, and 
in G, for the other. 

b. Should there be more than a single pair of type 
pmettes, Say k pairs, in a given set, each of the Zk possible 
Significant combinations is tried as follows: 


1) The maximum tying value is deleted from Bat 


ipeoune ws eremali ai G.. Check that the resulting route is 
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a non-recursive path and if “2 teisemcomplic bomen mealeniia. 
tions. If it 1S a recursive pathoeGie strcam auc -SloweT 
G. are moved to G. sequentially, and the route is checked 
for a non-recursive path each time; only the combination 
which determines the longest path is retained, all others 
being dropped from consideration since this is part of the 
Naam Zine steppin findine thegeeniagaloaen: 

2) When step 1) is completed, move the maxi- 
mum tied value to oe and repeat step 1), moving the others 
to G; sequentially. (Whence 1 Si pReees  ouelsmeonpiic te cmce Loct 
the non-recursive path(s) with the maximum length dp; + o. 
* 1(i,)), including ties, and use it (them) as the path(s) 
fooresenting the set{s). Ties aoa alternate paths and, 
tethe event their path lengths are the minimum of alll cen 
tral path candidates, they will yield alternate absolute 
centers. 

Sn) FOr leach partition er ae compute 1(P) = dp. 

+ a: tsa) tomeind che totale pa tiene ene: 

‘4, Choose the minimum value in the set of total path 
lengths. If this is greater than the length of any legiti- 
mate central path candidate previously resolved, go to step 
8 and terminate. If not, test the set with the distance 
Bretce rion. (1 5). 

5a a. Go to step 6 with any -seu@s) (including ties) 
which satisfy (15). 

b. If the minimum length path found in step 4 


mils to satisty (15), check for a secondition. In filling 


in the tableau possible B conditions are marked; l.e., se 
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the second maximum entry is subcolumn i is greater than the 
maximum entry an subcolumimis ji pcue oot. Te omleukocl es having a 
possible B condition. Let Gh) bewmeiesineximeimentry 11e-ub - 
column k, dk2 the second maximum entry, etc., k = i, j. 

Then if dig > djy +°1(1,]) Deetempessitillesthat sebecon- 
dition €X1ists, but it 1s neceésSsdnyetowencek thawed enon re- 
Sursive path exists from the vertex« ss) velding dij; comveuee« 

i and then to the vertex yielding di». Note that dk; is al- 
ways dp; k = 1, j (in step 2.b. only the maximum value was 
considered in each subcolumn, so it was not necessary to 
momsider this problem @e@menat tame). §Whenmethe value of dk, ; 
Me 25.5, 2... , has been found which yields the longest mon- 
Pealrsive path (Py »k,q,) (where qx TSetne: VerlLex ye lama 


this value of dk eCheck that this dk esstill Satirsawese le jn 


h?? h 
tren, for k = i, check that di, = dq; = d(q, 51) > MDs 1) 
Seel{ i,j) - 

I) \ltSthis helds a B conditroneex1sts: stme 
local radius is a(dp, se dq,) and “the local “center 1s liceaged 
@eetne midpoint of the path (Pp, »k,q,) where k refers to the 
subset G. or G. containing the B condition. Enter the sum 
(dp, + dq, ) in the 'B' row of the tableau. Return to step 4 
and choose the next minimum total path length. If this is 
longer than wis Ib feronevlanent(eyal jorzt elo (dp, of dq.) just found, go 
Piece ceN tN the Tesults froneencepmcondiCTOn set gust me- 
Solved and terminate. 

9 e's dq. < dp, tGwerediscard che Set. 1 - 
Pie vOucstepeteand Goose the Sctmpamimpe Tie Nexe Minimum 
EP) 
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6. Divide the total minimum path length by two to find 
the local radius. 

7. I£ no condition Be wasiomvolveds locates fem loca 
center x* at a distance d(i5x*) umes ee0om Vente sie anon: 
(i,j) where d(i,x*) is as defined in equation (16). If a 
B condition was involved, the local center is found as given 
Mies CCD -S,.D 1 )i, 

8. The algorithm terminates when the set with minimum 
momal path length satisfies (15)e90r when it 1S verified tnat 
the condition B path of minimum length is found and is shorter 


than or equal to the shortest path satisfying (15). 


@- EXAMPLES 

Hakimi's example (Figure 1) will be used first to il- 
Micnrate the application of the algorithm. The erapiein 
mieoatre 1 is reproduced in Figure 9 for convenience, along 
Mem the associated distance matrix and the computational 
tableau resulting from applying the arc-center algorithm to 
Mmecate the absolute center of this graph. 

Dion sconple ton Of es Pep Smilies? pec 5 Oe bile mc e on actin 
the tableau appears as in Figure 9 with the exception that 
the 'B' row is not filled in. The only type A tie involved 
Meeunrs in set (2,3) for vertex 4. Step 2.a- resolves the 
mom y first placime vertex 4 am Gj) (deleting the entry “12” 
from subcolumn 3 of set (2,3) which results in the path 
ieee o.oo with dps = 12, dp, = U0eande1(P) = 56; vertex 491s 
then moved to G3 (the entry '12' is moved to subcolumn 2) 


which results in the path (1,2,3,4) with dp, = 10, dp; = 12 
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0 10 24 20 34 
10 0 14 12 24 
Bt ILA rece 0 
A, 12 @ik2 0 20 
34 24 10 20 0 


r 


(4,5) 





Figure 9: Example 5. 
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and 1{P) = 36. The entry "5G rcemnace fews Ce side eee 
once for each path found in step Peak 

The minimum path length (minimum entry in row '1(P)') 
found instep 4 1s 34, whrehVocetmemtoussets (lle monde am 
Step 4 selects one of these sets, say set (1,2) and finds 
Pat 1t fagis the distance critewpone (lo), 1.¢.. 17). 

10 < |dp, - dp2| = |O - 24| = 24. Step 5.b. notes that set 
(1,2) is marked as having a possible B condition and finds 
Mme adko = dZ>o occurs for vertex 3 with an entry of 145 but 
mmempath (3,2,5) is recursive (paths (3.2) and (255) have 
fmiemeace (2,5) 1n conmon), thus Veruex 5 cannot be the qzZ 
Mertex even though it dees satisfy {17). The third maximum 
emery in Subcolumn 2 o¢curs for vertex 4 with dk, = dZg°>= 128 
The path (5,2,4) is non-recursive; therefore vertex 4 is the 
mmvertex. Furthermore, inequality (17) still holds, se a 
Beeondition does exist. 

SSO Sol ll) wove seninvals ele thinee ll selec sweiey Wis 24 (alo 
#dq>) = *%(24 + 12) = 18. The center of the path (5,2,4) is 
found to occur at point y on the graph in Figure 9, located 
6 units from vertex 3 on edge (3,2). The value of dpo + dae 
poo 1S entered in the 'B' row of column (1,2) and the algo- 
maminereturns to step 4 to select the mext minimum path Length. 

The next minimum path length is also 34 and occurs for 
Peres) as previously noted, Conditrons very similar to 
Bitese just discussed for set (1,2) are found to exist in set 
f525), with vertex 4 being the q vertex again. Im this case, 


Mowever, the B condition path is found to be the path (4,3,1) 


Syl 





with midpoint at the point xsomecd@cm(2so)mon Ghee Tape 
and the radius is again Lounderompculce 

Returning to step 4, the next minimum value of 1(P) = 
56 1s found to occur for bo thea eoseens eiiG@ews cic 
The two paths defined are (4;273,5) and (1,2,3,4), as pre- 
viously noted; but these are the same paths defined by the 
Bm conditions in sets (12) and Gs sjmrespcetively (Meorsc caiezey 
may be dropped from consideration. If they were not dropped 
they would be found to satisfy (15), and thus they give the 
two alternate central paths and absolute centers directly 
MetnOut any consideration of B Comditions. 

The next sets eligible for consideration are (2,4) anc. 
feed) with I(P) = 42 for cach. but Enis 1s sStrretly eneate: 
than the lengths of the B condition paths previously re- 
solved for sets (1,2) and (3,5), so the algorithm terminates, 
Mavane found the alternate central paths (4;2,3,5) and 
lez. 5,4) with midpoints y and x respectively. <Thevabsolute 
radius is then r(x) = r(y) = = 18. 

Example 6, Figure 10, illustrates a Case in which the 
central path cannot be defined by (14a) due to the existence 
of a circuit, as previously discussed. This case is charac- 
terized by a B condition in the minimum-path set as well as 
pre sets FablWUGe to satisty, (iho 

iniestirst “1 teratiom Chooses elemer set u( ie 27) or (2.5) 
fEomcne Minamim-path set. LL Setv(2e5)) 1s chosen first, 1t 
iS round to mot Contain a valid Biecondition as the paths 


ole 4a)jeand (2Z,1,5)) have the edgem@he2je in common: Tne set 


52 











& x” Jlals so ute 
center | 


Z 


=) 

II 
win S&F © 
KNW OF 
OW OW > 
nmoOwONn MN 
Onwonn 





Figure 10: Examnpiless 
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is therefore dropped from consideration and set (1,2) is 
chosen on the second 1tteratvoun 

Set (1,2) defines the same initial paths.as does set 
(2,3), but now the possible Becondsricners found te yicta 
the valid B condition, path (42s wie ea Lem cele ise 0 
Emucs. The center of this pathic cmateey cimec uence td seed 
Radius of five units. 

The third iteration finds Mimm@secp 4 ethace dl Perens ieee 
sets have 1(P) > 10, and so the algorithm terminates in 
step 8 with an absolute radius of 5 and the absolute center 
meevertex 1. 

Note in Figure 10 thatethewset 74.55), contains three 
type A ties,: associated with Vertices 1, 2, and 3. When 
Step 2.b. 18 called on to resolve these, the paths (3,251 74,5) 
amd (5,2,1,5,4) are found. These two paths occur whem ald 
type A tied values are in the same subcolumn, and are the 
Same paths defined by sets (1,4) and (1,5) respectively. 

ExXanple.=7 lL roure ll. .alius trates a less eopvreius case 
generating oon Carre ors HN ese <febovdl” 2iy ly (crovptaliicnena, Sie ile 4) 
Was a type A tie corresponding to vertex 3 and a B condition 
/nrch 1s mever fully resolved) for the partition with ver- 
jmoxes 1m Vi; (subcolumn 1) of set (1,2). The first iteration 
through step 4 chooses set (3,4) which is found to have a B 
femndition involying vertices | and 2 which yields the central 
path candidate (1,3,2) with a path length of 10. This gives 
a local center at vertex 3 with a corresponding radius of 5. 

The second iteration through step 4 finds the partition 
Pimesec (leZ) with 1(P) = 10, but 10 vs marked as having 2 
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possible B condition. When this is resolved the B condi- 
tion path (4,1,3) is found Witenes eet ms tie oe ore 
this is strictly greater thanmenem sen seawo tence cilUn al 
path candidate found in the previous iteration, so the set 
15 dropped from further considenrarnon, 

The next i€ération througiies cope peouews sel eeclencs 
iermming sets haves i(P) values ereaccrecian tne patnmcound 
mie the first iteration (10) 3 thetetore. the alvorrtnneter— 
minates in step 8. 

ine Rosenthal -Smnirth sarcon aenmmecmecumtcn Ss ft eub ice qm 
dealing with peripheral vertices, where a peripheral vertex 
is defined as any vertex which is connected to the remainder 
mec eUrapi Via “Only One OLicueVenmecw OL Che Capi ain 
the calculation of the central path ee eae ibae Vy is a 
peripheral vertex, all central path candidates associated 
weet 1t have backpaths. The following three examples will 
melustrate how the arc-center approach eliminates this pro- 
blem. 

iieexanple &, FrcunewilZ vertex 4 5 ills ap pel) pile molec a 
tex and is connected to the rest of the graph by edge (2,4) 
PeWaevertex 2. Ihe arc-Center Computation tableau entries 
epeeall zero in subcolumn 2 of set (2,4) as they must be for 
any peripheral Vie saine Xan, 

The first iteration of the algorithm through step 4 
Gegses set (2,4) with a path length of 5 and resolves the 
Bessible B condition to find the Byeondition path (1,2,3) 


mith aelength of 6 units. This gives the local center x* 
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y* [absolute center] 





x* [absolute center] 
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Figure 12: Example 8. 
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on edge (1,2) of the graph dmeeveune 12 ey cle boa len aca 
Ot S SeUigeS 

The three remaining sets all have 1(P) = 6, so all must 
be resolved. Set (1,2) is found to not contain a valid B 
condition, and so defines the path (3,2,1). The set satis- 
fies (15), so it is retained and found to again yield the 
focal center x*. 

The algorithm finds that set (1,3) does not contain a 
walid B condition but does satisfy (15) also. Im this case 
the set 1s found to define the path (4,2,3,1) with midpoint 
weeLocated at vertex 3 and a radius of 3S units. 

set i(2,5)1s tound £o sdetsty (15)on Che Last tena. 
tion. The path defined is (4,2,3,1), the same as that de- 
memed by set (1,3). Therefore, the absolute radius of the 
emaph is 3, with alternate absolute centers, points x* and 
ae 

Ii (is Secale ae Ss Bho @ehiceirs Wei ineyiical, MWe irae Ste | 
edge (1,2), was found through a B condition path first, and 
then through its own set, which satisfied (15). Since the 
mmcernate absolute center y* occurs al a vertex, two are- 
eemeers, edges (1,3) and (3,2), were found for it. 

Example 9; Figure ws, 1sS8a Variation Of Example Guwith 
eM) increased to seven units. In this case sets (1,2) 
Micm2z,4) tie tor minimum path length with 1(P) = 11, but 
mcmeleee) Goes Tot Satisty (15))whrlesset (2,4) does. Both 
Setsmacrine the pathe(l,2,4) whiehehas 1¢S midpoint at point 


z*. The remaining sets both have 1(P) > 11, and so the 
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algorithm terminates with z* as the absolute center and 
Lis 5%. There were no B condition sets. 

Example 10, Figure 14, illustrates a case in which a 
vertex (vertex 4) is technically not peripheral because it 
1s connected £o two other ver Gicec aie oe GC mcm cei 
However, 1(1,4) 1s greater than 1(1,3) + 1(3,4) (8 Be eee 
= 4), therefore all minimum distance paths to vertex 4 must 
pass through vertex 3, and vertex 4 behaves as a peripheral 
vertex. 

There are three sets which tie with a minimum path 
Peneth of six. These are: (1,3) and (3,4) which fail to 
eatasty (15) but do not contain & conditions; and (2,3), 
Mmmmen does satisfy (15). Vset (255) detines two alternate 
maens, (2,3,1) and (2,3,4), both having the same path length; 
bmt since (2,3) satisfies (15), the absolute center is on 
edge (2,3) and it is immaterial which path is considered. 
The absolute center is therefore a point w and the absolute 
radius is 3. 

Examples 9 and 10 allustrated that no further special 
consideration need by given to peripheral vertices. This 
is a definite improvement over the Rosenthal-Smith algorithn, 
mien, as previously noted, requires special inputs for 


peripheral vertices when programmed into a computer. 


Ve Eee nol ON lO THE ABSOLUTE M-CENGER 
Define the arc-m-center of the graph G(V,A) to be a set 


of m edges as such that for every other set of m edges AEG, 
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max d(v,A_) > max d(v,A,*) = gee (18) 
veV veV 


Where d(v,A_) is the minimum distance from vertex v to any 
endpoint (defined vertex) er sumemoce Awe Since every edge 
has two endpoints, AL defines a set of m pairs of malcone 
wertices Vj" 7 inequality (loimeedneeenche tone =o cmd iaeecm 


2m 


wn a form COnS@stene with (S5)e 


=r_', (19) 


max d(v,V,_) > max d(v,V,_ ) | 


veV veV 
1(A,*) may now be defined by generalizing (14a) in the fol- 


lowing form (using the same notation and definitions): 


| es ee 
m ? m 

EQuaGIOnmeZO) ouclines angrtemarive allcorithmietoe pan. 
tioning G into a set of m subgraphs {G.}, 1 =" eres 
and simultaneously findiivg the central path and hence the 
absolute radius r(G.), of each G.. As the™@alvori hme terates 
through all possible partitionings of G (A, AG, Ena beatae 
tion yielding the minimum absolute radius is found. Since 
the set of points xe yielding the minimum absolute radius 
@etines an optimum partition of G {G,*}, and since the algo- 
rithm will test all possible partitions of G, the algorithm 
must find ree 

The computational procedure is essentially the same as 
previously outlined for the single arc-center algorithm, and 
meectates through é Modi: tedaheteemter calculations, = Tne 
optimum result from the set of all results is then chosen. 

iiiementances required in thlemane=center alponrenm are 


listed below. 
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1. In step 1, the algorithm now starts by choosing 
one of the (M) combinations of pairs of adjacent vertices 
not previously examined; these are the sets Von" 

a. Woance “there: are igiose- ecenn fe Penieee triieec maninS 
volved, the computation tableau may be reduced by k rows. 
This 1s possible because all entries in rows corresponding 
mouclements Of Ehensect UNdEh eonsmacr talon id, c celomelnt door 

b. The minimum distance from each vertex (row in 


Mietoeany element of V is entered in all subcolumns cor- 


2m 
responding to that element. This produces ties any time 
two or more edges sharing a common vertex are in AL Cale 
Mmicse a type © ties 
Ze Ome mchin cre = 

a. “No Clranive ; Meat there ieould "besa ty pe. A multi 
fileomele; 1.¢-., ome VerTeem COUld be equrldistaneepctyeen 
several elements of Von° It is still allowed in only one 
set at a time, and checked in the same manner as in the 
mme- center algorithm. 

Dee NO Gnanoe + same sc ome mine 

3. Compute 1(P) for each subset with and without type 
C ties. For each group of sets with a common type C, choose 
Pies with, rest without to min(max I1(P)). 

4. Examine all yay SSeS Wem S eelceGl ony jo wreresc ie me: a aly) 
Secpez and choose those with minimum path lLength™for further 
sensiceration. Do not discard the others at this time. 

Soe. Chance. 

b. If no condition B exists, retain the subset as 


originally defined, and process it as though it had satisfied 
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(15) except the center of the path is simply the midpoint 
of (P5>15J,P3)- 
1). Nosthan ace 
2). Delete? 
6. No Change. 


7. No Change. 


8. If all m subsets have not been processed, return to 
step 4. 
9. If any type C ties remain, discard the entire set 


and return to step l. 
LO. Sind etne ax iin Gadus wale ene eu mons Mes a cumia 

a. KHIf this radius is less than the maximum radius 
retained from any previous iteration, discard all previous 
tawles and Store wall resultesmot juatioom teraeton, 

b. If this radius equals that retained from any 
previous iterations, retain the previous results and store 
the present results also. 

c. If this radius is greater than that retained 
from any previous iterations, discard the results from this 
ee ration. 

TUG Ls aes al e) combinations have not been examined, re- 
mir to step 1. 
| The analyst now may choose between any sets of m-cen- 
ters which may have tied for min(max radius), using some 


mime ner criterion. 


Es EXAMPLE 
Example il; Figure 15a, istaneaboréeviiated absolute Z- 


center problem which will illustrate the application of the 
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arc-m-center algorithm. Only six of the possible ES = 66 
sets V5.2 are shown in Figure 15b. Note that in each set 
(iteration), the pair identity of Seine emt nce sec momen ap 
they cannot be mixed randomly. Since three sets are shown 
Side by side in each tableau, it was not possible to delete 
as many rows from the tableaux as would normally be done if 
a separate tableau were made for each set. 

Observe that in set 1, the set {(1,2), (4,6)}, vertex 
iets cCdwmdrStane between Vertaccscu sama 0. Wha ements ers 
ioe a type C tie aS previously detimed since twomdumscren= 
vertices are involved, it is handled in the same manner. 

In this instance subset (4,6) 1s not affected when vertex 7 
1s removed; and since its path length is greater than that 
of subset (1,2) with vertex 7 included, it makes no dif- 
iewence which Subses tmeliudes Vertex e:. 

SES) JS eye Lice ilie olaimoceneaivaree Iolo wWisieiyene dh US “SG|Ulub= 
fiestant between vertices 5S and 6, producing both type A 
and € ties. When vertex 4 is in subset (6,7), the path 
reo, /,1) ws detined with a length obs! > wand (5,0) de- 
umes the type B pathy (2,5;,5), wreh a Length of S35) Wien 
Wemcex 4 15 moved to subset (5560), a type A tre 1s pro- 
mueéed which 75 resolved into path (4,;6,5,2) with length 
Ici which satisfies (15); or the above mentioned type B 
atm (2,5,35), with vertex 4 being “peripheral" to the path. 

Set 4 is the set which satisfies min(max radius) of 
those sets shown in Figure 15b and may be shown to be the 
optimum set. Subset (1,2) defines G, = {1,2,7} with abso- 
lute center at point x; and (3,4) defines G2 ={3,4,5,6} with 
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pabsolute, 
center 


0 f iS i do 6 3 

Po TP ae 7 9 10 

is ig 4 6 9 12 

ee alee ee ie a 0 5. S 8 
10 7 6 5 0 4 7 

6 9 9 5 4 0 3 

3% i) iz 8 is 1 6 


hrOurer Sa.) E Xap liemel. 
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SET I SE lst oye Ee ETE, 


yE (1,2) (4,6) Cl eme Beene 7) 2° (04.5) 

1 - pe -be a - 3 - -:3 -:- 

3 ~3- 4: - ee a -:- 4: - 

5 ~:-+ =;4 ~:- -:- -3- 2 gs 

6 ee eo ee re 

7 5 : 2 3 3 2 Z : r - : : 

dps.dp, 3,0 4,4 oe 4,4 i, & 4,0 
1(i,j) 7 5 7 5 12 5 
1(P) 10 13 10 13 15 9 
B = z = e : . 
™7 oO) C 7 13 . - - - 

SET IV SET V SET VI 

ie (1,2) (3,4) Ge) (Gi) oo ss 

1 =: = -:- ~ 3 3 ac -: - 

2 -@5 684 fp ee = 3 = = 3 = 5 4 = 

3 - be ofa 62 =) eye - S925 See 

4 - pe +3 - i eee ~ 3 a: 

5 o¢ = ee & a = 5s =f = - 3 - 

6 ee) 2 eicpe se eS eS 

7 32-0 0G ~ or - a - 3 - - 2 - 

dpj.dp;, 3,0 0,5 b! 5, 3 m2 Y . 6 

3 

1(i,j) 7 4 4 3 12 7 
HCP) 10 9 16 / Ll 15 jeg 
B - 10 -/13 ~ - = 
w/o C : : -/13 6 : - 


ee a a 


Bigure, 25ba) Eecampd Cov iel 
OF 





a 


absolute center at point y*, collocated with vertex 4. Both 


have an absolute radius of 795. 
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VI. CONCLUSION 


A. SUMMARY 

A brief review of known previous algorithms for the 
solution of the absolute m-center problem has been given, 
and mention made of the problems encountered in each. In 
addition, two new algorithms were presented. These algo- 
michms aré applicable to the soltition of optimal location 
problems which can be structured in a graph theoretic man- 
ner, and so posed as absolute center problems. 

(UMS Terie Sig One else elie icil icles — [elise sige Ee iceie aye)= 
proach, was presented only as an aid in understanding the 
problem and for use in hand calculation of solutions to sim- 
ple examples, particularly with m= 1. It is probably less 
efficient than the Rosenthal-Smith algorithm, but it does 
provide a basis for understanding and judging other algo- 
rithms. 

The second algorithm presented was the arc-m-center 
algorithm. It was originally formulated as a means of by- 
passing the path check requirements of the Rosenthal-Smith 
algorithm. As the reader has seen, the effort was unsuc- 
€essful to the point that, for m = 1, the algorithm is quite 
Possibly Significantly less efficient than the Rosenthal- 
Sizeh algorithm. However, for m > 1, it is felt that the 
arc-m-Center approach may prove more efficient and more 
easily implemented than any previous algorithm. This algo- 


mthmnecan be made more efficient, both in terms of data 
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management and of required operational steps, than outlined 
herein (see following section); ana a final choice between 
it and the Rosenthal-Smith algorithm, or a meld of the two, 


would necessarily be based on operational results. 


Be AREAS FOR FURTHER CONSIDERATION 

As previously noted, the vertex-m-center approach was 
extended to cases with m > 1 by an unproven method. Further 
research is needed to determine under what conditions the 
use of the vertex-m-center to partition a graph may yield 
an optimum partition, and a more efficient means of select- 
mo the optimum partition when the vertex m-Center is not 
mnIaue. 

This method does provide an upper bound on the solu- 
tion which might be useful in conjunction with some other 
algorithms to eliminate some of the possible solutions as 
being infeasible, and thus shorten the number of computa- 
mugs and Cime required. It might also provide a more er- 
ficient starting point for the Rosenthal-Smith algorithm 
Bian the m-node divisional path presently used. There is 
Soetainly a meed for more investigation into these areas. 

AyMkaelS ie Byojepeeveln ice) Sedlkiannls Wes Alas liiles iWiseeniesie jane 
blem which might be worthy of investigation is to consider 
each of the ) DEVO MEO es 1G “eiyetne lela i owucieel iene enters 
mee che m central paths, wsing the wertex m-center radius as 
mimupper bound to reduce the number of iterations which are 


Carried to completion. 


70 





a 


In all previous work on the absolute m-center problem 
except that of Rosenthal and Smith (see comment, Section 
III.G), the only criterion has been to minimize the maxi- 
mum value of the set of m radii. This frequently yields a 
number of alternate solutions, all having the same maximum 
radius with different lesser radii. It is felt that atten- 
wion should beggiven to further vernitenia stor ene s mae! 
optimum solution. Two possible considerations are to mini- 
mize the sum of the radii or to minimize the absolute dif- 


ferences between radii. 
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